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ABSTRACT
A massive version of T-duality in six dimensions is given, that maps the K3 compactifi-
cation of Romans’ theory onto the K3 compactification of Type IIB theory. This is done
by performing a (standard) Kaluza-Klein reduction on six-dimensional massive Type IIA
and a Scherk-Schwarz reduction on Type IIB, mapping both theories onto the same five-
dimensional theory. We also comment shortly on the difficulties arising if one intends to
construct a massive generalisation of the six-dimensional string-string duality.
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1 Introduction
It is generally accepted that the various string theories and their supergravity limits are
all interrelated through T-, S-, or U-dualities, being different perturbative expansions in
different points in the moduli space of the same M-theory (see for instance [1, 2]). Many of
these duality transformations have been explicitly constructed and most of them, although
not rigorously proven, are believed to hold.
There is, however, a class of supergravity theories that is much less studied than other
theories, namely the massive supergravities. These are supergravities with one or more
constant parameter with dimension of mass that can be interpreted as the Hodge dual of
a (D − 1)-form potential in D dimensions [3, 4]. Typically, massive gauge transformations
give masses to some of the gauge fields by eating other fields.
Probably the best known massive supergravity theory is ten-dimensional massive Type
IIA or Romans’ theory [5], which is a generalisation of standard Type IIA, adding a cos-
mological constant term. But there are also other ways to obtain massive supergravities.
Performing a generalised Scherk-Schwarz reduction [6] gives supergravity theories with mass
parameters, provided that one gives extra dependences on the compactified coordinates to ax-
ionic fields. Alternatively, gauging some of the global symmetry transformations (i.e. giving
them a linear dependence on the coordinates), either before or after dimensional reduction,
leads to similar results [4, 7]-[15].
Some work has been done on the generalisations of the duality symmetries to massive
supergravity theories. In [4] it was shown that the T-duality between ten-dimensional Type
IIA and Type IIB can be extended to a massive T-duality between Romans’ theory and Type
IIB, linking the Kaluza-Klein reduction of Romans’ theory to the Scherk-Schwarz reduction
of Type IIB. It was also shown [11, 13] that the Scherk-Schwarz reduction of the Heterotic
theory on T d can be written in an O(d, d + 16) symmetric way and recently an explicitly
O(4, 20) invariant formulation of the K3 compactification of Romans’ theory was given [15].
The latter results therefore indicate that these massive supergravity theories have the same
T-duality groups as their massless counterparts, provided that the masses also transform
under these symmetry groups.
In this paper we want to make use of the results of [15] and construct the massive T-
duality between the K3 compactification of Romans’ theory and the K3 compactification
of Type IIB supergravity, using analogous techniques as in [4]. We will gauge a particular
subgroup of the O(5, 21) symmetry group of Type IIB, that acts on 24 scalars and 26 vectors.
Since the 24 scalars appear as axions (i.e. only via their derivative), Scherk-Schwarz reduction
will give rise in five dimensions to the same number of masses and the same massive gauge
transformations as one obtains through standard Kaluza-Klein reduction of six-dimensional
massive Type IIA.
The paper is organised as follows: in section 2 we perform a standard Kaluza-Klein
reduction of the massive Type IIA over K3, leading to an O(4, 20) invariant massive N = 2
supergravity in five dimensions. In section 3 we review some of the properties of Type IIB
compactified over K3. The Scherk-Schwarz reduction of Type IIB and the obtained massive
T-duality rules are given in sections 4 and 5 and in section 6 we comment briefly on the
impossibility of generalising the six-dimensional string-string duality between Type IIA and
Heterotic to the massive case. In section 7 we summarise our conclusions.
2
2 Kaluza-Klein reduction of mIIA/K3
The K3 compactification of ten-dimensional Type IIA supergravity has been known for a
long time [16, 17]. Its bosonic field content consists of a six-dimensional metric gˆµˆνˆ , a dilaton
φˆ, a Kalb-Ramond field Bˆµˆνˆ , 24 vectors Vˆ
a
µˆ forming a vector representation of O(4, 20) and
80 scalars which parametrise an O(4, 20)/(O(4)× O(20)) coset and can be combined into
a symmetric O(4, 20) matrix Mˆ−1ab . This field content arises naturally from the geometrical
properties of the K3 manifold, more precisely from the 22 non-contractable two-cycles and
the four-cycle over which the various ten-dimensional fields can be wrapped.
Recently also a K3 compactification of massive ten-dimensional Type IIA supergravity
has been given [15]. Here it was shown that, apart from the fields mentioned above, one also
generates 24 mass parameters ma, that transform in the vector representation of O(4, 20).
Twenty two of these masses come from wrapping the ten-dimensional RR two-form field
strength over the 22 two-cycles ofK3 and one mass comes from wrapping the ten-dimensional
RR four-form field strength over the four-cycle, in a kind of Scherk-Schwarz-like reduction
overK3. This is possible because of the fact that the RR one- and three-form fields only occur
via their respective field strengths (up to field redefinitions) [9]. The last mass parameter is
coming directly from the mass in ten-dimensional Romans’ theory. It is remarkable that one
has to take into account the mass coming from Romans’ theory in order to construct a full
O(4, 20) invariant massive Type IIA theory in six dimensions. Indeed, it is claimed in [15]
that the (Scherk-Schwarz) compactification of Romans’ theory over K3 yields a unification
of various six-dimensional massive supergravity theories, related by O(4, 20) symmetry.
The bosonic part of the six-dimensional massive Type IIA action (mIIA) is given by [15]:
L
mIIA
=
√
|gˆ|
{
e−2φˆ
[
Rˆ − 4(∂φˆ)2 + 1
12
Hˆµˆνˆρˆ(Bˆ)Hˆ
µˆνˆρˆ(Bˆ) + 1
8
Tr(∂Mˆ−1∂Mˆ )
]
− 1
4
Fˆ aµˆνˆ(Vˆ )Mˆ
−1
ab Fˆ
bµˆνˆ(Vˆ ) − 2maMˆ−1ab m
b
}
(2.1)
+ 1
16
ǫµˆνˆρˆλˆσˆτˆηab
{
Fˆ aµˆνˆ(Vˆ )Fˆ
b
ρˆλˆ
(Vˆ )Bˆσˆτˆ + 2m
aFˆ bµˆνˆ(Vˆ )BˆρˆλˆBˆσˆτˆ +
4
3
mambBˆµˆνˆBˆρˆλˆBˆσˆτˆ
}
.
The field strengths of the various gauge fields are defined as
Hˆµˆνˆρˆ(Bˆ) = 3∂[µˆBˆνˆρˆ] , Fˆ
a
µˆνˆ(Vˆ ) = 2∂[µˆVˆ
a
νˆ] + 2m
aBˆµˆνˆ , (2.2)
and ηab is the invariant O(4, 20) metric
ηab =

 0 l14 0l14 0 0
0 0 l116

 . (2.3)
The gauge fields transform under the following gauge transformations
δBˆµˆνˆ = ∂[µˆΣˆνˆ] , δVˆ
a
µˆ = ∂µˆχˆ
a −maΣˆµˆ . (2.4)
Note that the Vˆ aµˆ transform as a Stu¨ckelberg field under Σˆµˆ. Hence, by an appropriate
redefinition of Bˆµˆνˆ ,
maBˆµˆνˆ = m
aBˆ′µˆνˆ − ∂[µˆVˆ
a
νˆ] , (2.5)
3
the Kalb-Ramond field Bˆ′µˆνˆ becomes massive by eating the vectors.
The dimensional reduction to five dimensions is straight forward. Calling the direction over
which we reduce x and using the standard reduction rules2
gˆxx = −k
2 , Bˆµx = Bµ ,
gˆxµ = −k
2Aµ , Bˆµν = Bµν −A[µBν] ,
gˆµν = gµν − k
2AµAν , Vˆ
a
x = ℓ
a ,
φˆ = φ+ 1
2
log k , Vˆ aµ = V
a
µ + ℓ
aAµ ,
Mˆ−1ab =M
−1
ab ,
(2.6)
we find for the five-dimensional action
L
mII =
√
|g|
{
e−2φ
[
R − 4(∂φ)2 + 1
12
Hµνρ(B)H
µνρ(B) + 1
8
Tr(∂M−1∂M)
+ 1
k2
(∂k)2 − 1
4
k2Fµν(A)F
µν(A) − 1
4k2
Fµν(B)F
µν(B)
]
− 1
4
kF aµν(V )M
−1
ab F
bµν(V ) + 1
2k
Dµℓ
aM−1ab D
µℓb − 2k maM−1ab m
b
}
(2.7)
+ 1
8
ǫµνρλσηab
{
F aµν(V )F
b
ρλ(V )Bσ + 2Dµℓ
aF bνρ(V )Bλσ − 2Dµℓ
aF bνρ(V )AλBσ
+ 4maF bµν(V )BρλBσ + 2m
aDµℓ
bBνρBλσ
− 4maDµℓ
bBνρAλBσ + 4m
ambBµνBρλBσ
}
.
Now the field strengths are given by
Fµν(A) = 2∂[µAν] , Fµν(B) = 2∂[µBν] ,
Hµνρ(B) = 3∂[µBνρ] −
3
2
A[µFνρ](B)−
3
2
B[µFνρ](A) (2.8)
F aµν(V ) = 2∂[µV
a
ν] + 2m
aBµν + 2m
aA[µBν] + 2ℓ
a∂[µAν] ,
Dµℓ
a = ∂µℓ
a + 2maBµ ,
and can easily be checked to be invariant under the five-dimensional gauge transformations
δAµ = ∂µξ , δBµ = ∂µΣ ,
δBµν = ∂[µΣν] + A[µ∂ν]Σ +B[µ∂ν]ξ ,
δV aµ = ∂µχ
a −maΣµ + 2m
aΣAµ (2.9)
δℓa = −2maΣ .
2Here we denote six-dimensional fields as hatted and five-dimensional fields as unhatted.
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Note that the symmetry group of the reduced action is O(4, 20), instead of an O(5, 21)
symmetry expected from the massless case [18]. This is of course due to the massive gauge
transformations (2.9), which break the O(5, 21) into O(4, 20), by making V aµ transform as
Stu¨ckelberg fields on one hand, while on the other hand the winding vector Bµ becomes
massive by eating the ℓa’s and the Kaluza-Klein vector Aµ is inert under the Stu¨ckelberg
transformations.
In the next sections we will perform a Scherk-Schwarz reduction on Type IIB theory
compactified over K3 and show that it leads to the same action as the one we derived above.
3 Type IIB on K3: a review
The six-dimensional Type IIB supergravity is obtained via a compactification of the ten-
dimensional Type IIB over K3 [19, 20]. Its field content consists of a metric gˆµˆνˆ , 5 self-dual
and 21 anti-self-dual two-forms Aˆiµˆνˆ transforming under the vector representation of O(5, 21)
and 105 scalars, parametrising anO(5, 21)/(O(5)×O(21)) coset. The scalars can be combined
into a symmetric O(5, 21) matrix Mˆ−1ij .
Due to the (anti-)self-duality conditions, it is impossible to write down a covariant action
[21]. However it is consistent to write down a non-self-dual action, dropping the self-duality
condition. This non-self-dual action will give the same equations of motion, provided that
one inserts the duality condition by hand as an extra equation of motion [22].
The bosonic non-self-dual action is then given by
LIIB =
√
|gˆ|
{
Rˆ + 1
8
Tr(∂Mˆ−1∂Mˆ) + 1
24
Hˆ iµˆνˆρˆ(Aˆ)Mˆ
−1
ij Hˆ
jµˆνˆρˆ(Aˆ)
}
, (3.1)
where the three-form field strength
Hˆ iµˆνˆρˆ(Aˆ) = 3∂[µˆAˆ
i
νˆρˆ] (3.2)
satisfies the (anti-)self-duality condition
Hˆ iµˆνˆρˆ(Aˆ) = η
ijMˆ−1jk
∗Hˆkµˆνˆρˆ(Aˆ) . (3.3)
Here ηij is the invariant O(5, 21) metric
ηij =

 0 1 01 0 0
0 0 ηab

 , (3.4)
with ηab as defined in (2.3).
In order to write the action (3.1) in the string frame, one has to identify which of the 105
scalars corresponds to the dilaton. This can be done by choosing a particular parametrisation
of Mˆ−1ij , writing the 105 O(5, 21) scalars as 80 scalars contained in an O(4, 20) matrix Mˆ
−1
ab ,
24 scalars ℓˆa transforming as a vector under O(4, 20) and the dilaton φˆ:
Mˆ−1ij =


e−2φˆ + ℓˆaMˆ−1ab ℓˆ
b + 1
4
e2φˆℓˆ4 −1
2
e2φˆℓˆ2 ℓˆaMˆ−1ab +
1
2
e2φˆℓˆ2ℓˆaηab
−1
2
e2φˆℓˆ2 e2φˆ −e2φˆℓˆaηab
Mˆ−1ab ℓˆ
b + 1
2
e2φˆℓˆ2ηabℓˆ
b −e2φˆηabℓˆ
b Mˆ−1ab + e
2φˆℓˆcℓˆdηacηbd

 , (3.5)
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where with ℓˆ2 we mean ℓˆ2 = ℓˆaℓˆbηab.
Hence the action (3.1) in the string frame is give by [23]
LIIB =
√
|gˆ|
{
e−2φˆ
[
Rˆ− 4(∂φ)2 + 1
8
Tr(∂Mˆ−1∂Mˆ )
]
+ 1
2
∂ℓˆaMˆ−1ab ∂ℓˆ
b + 1
24
Hˆ iMˆ−1ij Hˆ
j
}
. (3.6)
Note that by choosing this particular parametrisation of Mˆ−1ij , we are forced to write
the action (3.6) in a manifest O(4, 20) invariant way, though of course it is still implicit
O(5, 21) symmetric. Let us for later convenience also denote the O(5, 21) vector Aˆiµˆνˆ and its
gauge transformations in an explicit O(4, 20) symmetric way:
Aˆiµˆνˆ =


Aˆµˆνˆ
Cˆµˆνˆ
Vˆ aµˆνˆ

 , δAˆiµˆνˆ =


∂[µˆξˆνˆ]
∂[µˆωˆνˆ]
∂[µˆχˆ
a
νˆ]

 . (3.7)
4 Scherk-Schwarz reduction of Type IIB
There does not exist a massive version of ten-dimensional Type IIB supergravity, nor is it
possible to make a Scherk-Schwarz-like reduction over K3. Yet, it is still possible to relate
this theory tomIIA reduced overK3, generalising the well known T-duality between massless
Type IIA and Type IIB in six dimensions [1, 24]. This can be done by performing a Scherk-
Schwarz reduction of six-dimensional Type IIB and mapping it onto the five-dimensional
action (2.7) of mIIA. In this way we can construct the massive T-duality rules, completely
analogous to the massive T-duality rules between Romans’ theory and Type IIB supergravity
in ten dimensions [4].
In practice, we will use the techniques explained in [4, 7, 9, 10]. The idea consists in
interpreting the five-dimensional Stu¨ckelberg transformations (2.9) on the Type IIB side
as general coordinate transformations in the compactified x-direction [4]. Giving an extra
x-dependence to the fields will generate mass terms and Stu¨ckelberg transformations after
reduction.
Alternatively, one can also take an O(5, 21) symmetry that shifts the 24 scalars ℓˆa →
ℓˆa + Λa and gauge this transformation, giving Λa a linear x-dependence [10]. The slope
parameters in this linear dependence appear as 24 masses after reduction. This particular
O(5, 21) transformation that generates the shifts, is given by [25, 10]:
ωˆ(Λ) =

 1 0 0−1
2
Λ2 1 Λaηab
−Λa 0 δab

 , (4.1)
and acts on the scalars ℓˆa and the two-forms Aˆµˆνˆ as follows:
ℓˆa → ℓˆa + Λa
Aˆµˆνˆ → Aˆµˆνˆ
Cˆµˆνˆ → Cˆµˆνˆ + Λ
aVˆ bµˆνˆηab −
1
2
Λ2Aˆµˆνˆ (4.2)
Vˆ aµˆνˆ → Vˆ
a
µˆνˆ − Λ
aAˆµˆνˆ
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In order to match the action (3.6) onto (2.7), we have to chose Λa(x) = −2max and use the
following reduction rules:
gˆxx = −k
−2 , Aˆµx = Aµ ,
gˆxµ = −k
−2Bµ , Aˆµν = Bµν − B[µAν] ,
gˆµν = gµν − k
−2BµBν , Vˆ
a
µx = V
a
µ + 2m
axAµ ,
φˆ = φ− 1
2
log k , Vˆ aµν = V
a
µν −B[µV
a
ν] + 2m
ax[Bµν − B[µAν]]
Mˆ−1ab =M
−1
ab , Cˆµx = Cµ − 2m
axV aµ ηab − 2m
2x2Aµ
ℓˆa = ℓa − 2max Cˆµν = Cµν − B[µCν] − 2m
ax[V bµν −B[µV
b
ν]]ηab
−2m2x2[Bµν −B[µAν]]
(4.3)
Note that, apart from the explicit x-dependence, the reduction rules given above vary from
the ones in (2.6). In fact we are using the so-called T-dual version of (2.6), in order to map
the two actions directly onto the same action in five-dimensions. This technique was used
for example in [26].
It is not difficult to see that with this reduction Ansatz the kinetic term for the scalars
ℓˆa reduces in the right way and gives in five dimensions an x-independent result: 3
1
2
∂Aˆℓˆ
aMˆ−1ab ∂
Aˆℓˆb = 1
2
DAℓ
aM−1ab D
Aℓb − 2k2maM−1ab m
b . (4.4)
Note that we generated naturally a covariant derivative for ℓa, invariant under the Stu¨ckel-
berg transformations (2.9):
Dµℓ
a = ∂µℓ
a + 2maBµ . (4.5)
The naive reduction of the field strengths Hˆ iµˆνˆρˆ(Aˆ), however, does give x-dependent results.
For example,
HˆaABX(Vˆ ) = eˆ
µ
Aeˆ
ν
B eˆ
x
X
[
2∂[µV
a
ν] + 4m
ax∂[µAν] + 2m
aBµν − 2m
aB[µAν]
]
. (4.6)
Hence, instead of identifying HˆaABX(Vˆ ) with the five-dimensional field strength F
a
AB(V ), as
one does in the case of standard Kaluza-Klein reduction, we define the five-dimensional field
strength as
kF aAB(V ) ≡ Hˆ
a
ABX(Vˆ ) + ℓˆ
aHˆABX(Aˆ)
= eµAe
ν
B
[
2∂[µV
a
ν] + 2m
aBµν − 2m
aB[µAν] + 2ℓ
a∂[µAν]
]
. (4.7)
This definition of F aµν(V ) is not only x-independent, but also coincides with the definition
(2.8) and is therefore invariant under the gauge transformations (2.9). Similarly for the other
3To work out the reduction of the field strengths it is convenient to go to Vielbein notation ∂
Aˆ
ℓˆa = eˆ
µˆ
Aˆ
∂µˆℓˆ
a
and use the following reduction Ansatz: eˆ
µˆ
Aˆ
=
(
e
µ
A −BA
0 k
)
.
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field strengths:
HaABC(V ) ≡ Hˆ
a
ABC(Vˆ ) + ℓˆ
aHˆABC(Aˆ) ,
kFAB(C) ≡ Hˆ
a
ABX(Cˆ)− ℓˆ
aHˆbABX(Vˆ )ηab +
1
2
ℓˆaHˆABX(Aˆ) , (4.8)
HABC(C) ≡ Hˆ
a
ABC(Cˆ)− ℓˆ
aHˆbABC(Vˆ )ηab +
1
2
ℓˆ2HˆABC(Aˆ) .
Hence, we find for the five-dimensional field strengths of the reduced Type IIB theory:
Fµν(A) = 2∂[µAν] ,
Fµν(B) = 2∂[µBν] ,
Hµνρ(B) = 3∂[µBνρ] − 3A[µ∂νBρ] − 3B[µ∂νAρ] ,
F aµν(V ) = 2∂[µV
a
ν] + 2m
aBµν + 2m
aA[µBν] + ℓ
aFµν(A) ,
Haµνρ(V ) = 3∂[µV
a
νρ] − 3B[µ∂νV
a
ρ] − 3V
a
[µ∂νBρ] − 6m
aB[µBνρ] + ℓ
aHµνρ(B) , (4.9)
Fµν(C) = 2∂[µCν] − 2m
aV bµνηab + 2m
aB[µV
b
ν]ηab − ℓ
aF bµν(V )ηab +
1
2
ℓ2Fµν(A) ,
Hµνρ(C) = 3∂[µCνρ] − 3C[µ∂νBρ] − 3B[µ∂νCρ] + 6m
aB[µV
b
νρ]ηab
−ℓaHbµνρ(V )ηab +
1
2
ℓ2Hµνρ(B) .
It can be shown that these field strengths are invariant under the five-dimensional gauge
transformations:
δAµ = ∂µξ , δBµ = ∂µΣ , δℓ
a = −2maΣ ,
δBµν = ∂[µΣν] + A[µ∂ν]Σ+B[µ∂ν]ξ ,
δV aµ = ∂µχ
a −maΣµ + 2m
aΣAµ ,
δCµ = ∂µω +m
aχbµηab − 2m
aΣV bµ ηab , (4.10)
δV aµν = ∂[µχ
a
ν] + V
a
[µ∂ν]Σ+B[µ∂ν]χ
a + 2maΣBµν −m
aB[µΣν] ,
δCµν = ∂[µων] + C[µ∂ν]Σ +B[µ∂ν]ω − 2m
aΣV bµνηab +m
aB[µχ
b
ν]ηab ,
where we have used the following reduction rules for parameters of the the gauge transfor-
mations (3.7):
ξˆx = 2ξ , χˆ
a
x = χ
a + 4maxξ , ωˆx = 2ω − 4m
axχbηab − 4m
2x2ξ ,
ξˆµ = Σµ , χˆ
a
µ = 2χ
a
µ + 2m
axΣµ , ωˆµ = ωµ − 2m
axχbµηab − 2m
2x2Σµ .
(4.11)
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With the definitions (4.7)-(4.9) of the five-dimensional field strengths and the parametrisation
(3.5) of Mˆ−1ij , we see that reduction of the kinetic term of the two-forms yields:
Hˆ i(Aˆ) Mˆ−1ij Hˆ
j(Aˆ) =
= e−2φHˆ2(Aˆ) + Mˆ−1ab
[
Hˆa(Vˆ ) + ℓˆaHˆ(Aˆ)
][
Hˆb(Vˆ ) + ℓˆbHˆ(Aˆ)
]
+e2φ
[
Hˆ(Cˆ)− ℓˆaHˆb(Vˆ )ηab +
1
2
ℓˆ2Hˆ(Aˆ)
]2
(4.12)
= e−2φk
[
H2(B)− 3k2F 2(A)
]
+M−1ab
[
Ha(V )Hb(V )− 3k2F a(V )F b(V )
]
+e2φk−1
[
H2(C)− 3k2F 2(C)
]
,
such that the full five-dimensional action (3.6) yields
L′
mII
=
√
|g|
{
e−2φ
[
R− 4(∂φ)2 + 1
24
Hµνρ(B)H
µνρ(B) + 1
8
Tr(∂M−1∂M)
+ 1
k2
(∂k)2 − 1
8
k2Fµν(A)F
µν(A)− 1
4k2
Fµν(B)F
µν(B)
]
+ 1
24k
Haµνρ(V )M
−1
ab H
bµνρ(V )− 1
8
kF aµν(V )M
−1
ab F
bµν(V ) (4.13)
+ 1
24k2
e2φHµνρ(C)H
µνρ(C)− 1
8
e2φFµν(C)F
µν(C)
+ 1
2k
Dµℓ
aM−1ab D
µℓb − 2k maM−1ab m
b
}
.
Note that the Scherk-Schwarz reduction has broken the O(5, 21) symmetry into an O(4, 20),
which is of course the group left invariant under the gauging (4.1). Although the group
structure of action (4.13) coincides with the one from action (2.7), the actions themselves
are clearly different. Yet it turns out that they are equivalent and will become identical upon
dualising some of the gauge fields.
As mentioned above, the six-dimensional gauge fields obey the (anti-)self-duality relation
(3.3), which forms an essential part of the theory, though not of the action. These self-
duality relations have to be taken into account in the reduction to five dimensions, where
they give a Hodge duality relation between the two-forms and three-forms. Using the reduc-
tion Ansatz (4.7)-(4.9) and the parametrisation (3.5), we find the following five-dimensional
duality relations:
Hµνρ(B) =
1
2
√
|g|
e2φ ǫµνρλσFλσ(C) ,
Hµνρ(C) = −
1
2
√
|g|
e−2φ k2 ǫµνρλσFλσ(A) , (4.14)
Hµνρa(V ) = −
1
2
√
|g|
k ηabM−1bc ǫ
µνρλσF cλσ(V ) ,
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Again we see that the O(5, 21) symmetry of (3.3) gets broken into an O(4, 20) symmetry.
Using these duality relations, we can substitute Haµνρ(V ), Fµν(C) and Hµνρ(C) in the action
(4.13), leading to
L
mII =
√
|g|
{
e−2φ
[
R − 4(∂φ)2 + 1
12
Hµνρ(B)H
µνρ(B) + 1
8
Tr(∂M−1∂M)
+ 1
k2
(∂k)2 − 1
4
k2Fµν(A)F
µν(A) − 1
4k2
Fµν(B)F
µν(B)
]
− 1
4
kF aµν(V )M
−1
ab F
bµν(V ) + 1
2k
Dµℓ
aM−1ab D
µℓb − 2k maM−1ab m
b
}
− 1
8
ǫµνρλσηab
{
Dµℓ
aF bνρ(V )(Bλσ − AλBσ) + 2(V
a
µ + ℓ
aAµ)F
b
νρ(V )Fλσ(B) (4.15)
−2(V aµ + ℓ
aAµ)Dνℓ
aHρλσ
}
.
After rewriting the topological terms, this action coincides with action (2.7), obtained from
dimensionally reducing the massive Type IIA theory.
5 Massive T-duality rules in six dimensions
Now that we reduced two theories mIIA and IIB in six dimensions onto the same five-
dimensional action mII, it is straight forward to construct a direct mapping between the
unreduced theories. This mapping is the massive T-duality, a generalisation of the (massless)
T-duality between (massless) Type IIA and Type IIB [1, 24, 23].
Comparing the mIIA and IIB reduction rules (2.6) and (4.3), we find the following mT-
duality rules (denoting the mIIA fields with a prime):
gˆ′xx = 1/gˆxx, Bˆ
′
µx = gˆµx/gˆxx,
gˆ′µx = Aˆµx/gˆxx, Bˆ
′
µν = Aˆµν + 2(gˆx[µAˆν]x)/gˆxx,
gˆ′µν = gˆµν − (gˆµxgˆνx − AˆµxAˆνx)/gˆxx, Vˆ
′a
x = ℓˆ
a + 2max,
φˆ′ = φˆ− 1
2
log |gˆxx|, Vˆ
′a
µ = Vˆ
a
µx + ℓˆ
aAˆµx,
Mˆ ′−1ab = Mˆ
−1
ab ,
(5.1)
and inversely (denoting the IIB fields with a prime):
gˆ′xx = 1/gˆxx, Aˆ
′
µx = gˆµx/gˆxx,
gˆ′µx = Bˆµx/gˆxx, Aˆ
′
µν = Bˆµν + 2(gˆx[µBˆν]x)/gˆxx,
gˆ′µν = gˆµν − (gˆµxgˆνx − BˆµxBˆνx)/gˆxx, ℓˆ
′a = Vˆ ax − 2m
ax,
φˆ′ = φˆ− 1
2
log |gˆxx|, Vˆ
′a
µx = Vˆ
a
µ − (Vˆ
a
x − 2m
ax)gˆµx/gˆxx,
Mˆ ′−1ab = Mˆ
−1
ab ,
(5.2)
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The massive T-duality rules have extra massive corrections with respect to the massless ones
in the transformation of the O(4, 20) gauge fields and scalars. Through the Scherk-Schwarz
procedure these corrections have a linear dependence on the coordinate in which the T-
duality is been performed. Note that we do not give explicitly the T-duality rules relating
the Vˆ aµν , Cˆµx and Cˆµν fields to Type IIA fields. It turns out they are non-locally related to
Vˆ ′aµ, gˆ
′
µx and Bˆ
′
µx respectively, as can be seen from (4.14).
6 Heterotic theory and massive S-duality?
Another well-known duality between N = 2 string theories is the string-string duality be-
tween the Heterotic string compactified on T 4 and Type IIA compactified on K3 [1, 2, 27,
28, 24]. This is a non-perturbative duality, relating the strong coupling regime of one theory
to the weak coupling regime of the other and vice versa.
There seems no straightforward generalisation of this duality to a massive string-string
duality in six dimensions between massive IIA on K3 and Heterotic on T 4, one of the most
obvious reasons being that the symmetry groups do not match. Heterotic on T 4 has an
O(4, 20) symmetry and performing a gauging analogous to (4.1) would give a massive five-
dimensional theory with O(3, 19) symmetry.
However, Heterotic theory on T 5 has an O(5, 21) symmetry and performing a Scherk-
Schwarz reduction by gauging the shift transformation (4.1), gives an O(4, 20) invariant
massive N = 4 gauged supergravity in four dimensions [10]. Therefore, naively one might
think that a massive S-duality might be possible in five dimensions after a Scherk-Schwarz
reduction of Heterotic on T 5 and the standard Kaluza-Klein reduction of mII theory, whose
action was given in (2.7) and (4.15).
However a closer study reveals that such a massive S-duality does not work, as pointed
out in [15]. There are various way to see this:
1. It turns out that, although the two theories have the same field content, the behaviour
of the fields under the massive gauge transformations is different in each theory. Where
the mII theory (2.7) the O(4, 20) vectors are Stu¨ckelberg fields that get eaten by the
Kalb-Ramond form, in the Scherk-Schwarz reduction of the Heterotic theory it is the
V aµ that become massive through the Stu¨ckelberg transformation of scalars coming
from one of the O(5, 21) vectors [10].
2. Massless string-string-string triality [24] between Heterotic theory on T 4, Type IIA on
K3 and Type IIB on K3 tells us that the Heterotic theory on T 5 can be thought of
as a (standard) Kaluza-Klein reduction of Type IIB. On the other hand, mII theory
(2.7) can be thought of as a Scherk-Schwarz reduction of the same Type IIB. Since
Scherk-Schwarz and Kaluza-Klein reduction do not commute, it is clear that the Scherk-
Schwarz reduction of Heterotic theory on T 5 will give a different result as the Kaluza-
Klein reduction of the mII theory.
3. The (massless) string-string-string triality in six dimensions works because in five di-
mensions there exists only one massless N = 2 theory. Hence, all six-dimensional the-
ories can be related to each other after mapping them onto the same five-dimensional
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theory. However this is no longer the case for massive theories. Since Scherk-Schwarz
and Kaluza-Klein reduction do not commute, the number of inequivalent massive theo-
ries grows quickly as one reduces more and more, giving 15, 35 and 71 different theories
in six, five and four dimensions respectively [7]. This in itself is of course not a proof
for the impossibility of the massive S-duality, but at least it gives an idea of the large
number of possibilities, in contrast to the massless case.
7 Conclusions
We generalised the known T-duality rules between six-dimensional Type IIA and Type IIB
compactified over K3 to massive T-duality between Romans’ theory and Type IIB over K3.
The obtainedmT-duality rules recieve extra massive correction terms with linear dependence
in the direction in which the mT-duality is done. This result is analogous to the ten-
dimensional mT-duality rules given in [4].
It was shown in [15] that the six-dimensional massive Type IIA theory interpolates be-
tween ten-dimensional Romans’ theory and massless Type IIA theory with non-trivial two-
and four-form fluxes wrapped over the various two- and four-cycles. For example, using a
particular symmetry of the O(4, 20) group, a D8-brane wrapped over the K3 can be dualised
into a D4-brane solution of massless Type IIA on K3 with a four-form flux along the K3.
Following the same line of thought, it is not difficult to see that this duality can be
extended to include the Type IIB theory: the O(4, 20) group of the five-dimensional massive
Type II theory we constructed above will map solutions of Romans’ theory into solutions of
Type IIB with extra three- and five-form fluxes wrapped over the various non-contractable
cycles of K3 × S1. In particular, the D8-brane wrapped over K3 × S1 will be dual to a
D3-brane solution of Type IIB on K3 × S1 with an extra F5 form field in the compactified
space.
So far, the generalisations of string dualities between massive supergravities have all been
generalisations of the perturbative T-duality. As argued in [15] and section 6, a massive
version of the non-perturbative string-string duality is not possible in six-dimensions. The
question arises whether massive S-dualities can be constructed for other cases or whether
the mass terms turn out to be incompatible with non-perturbative dualities. If the latter
turns out to be the case, this adds another question to the mysterious features surrounding
(some of) the massive supergravity theories. In fact, the question of the strong coupling
behaviour of (some of) these massive supergravity theories is related to the unknown eleven-
dimensional origin of Romans’ theory and its place in string theory. Still, as Romans’ theory
should be considered as the real effective low energy limit of Type IIA string theory, being
the only supergravity theory that gives rise to D8-brane solutions, one might expect that
the U-duality group would, in some way or another, provide a non-perturbative duality for
these supergravities.
Note added
Similar results on the six-dimensional massive T-duality rules will also soon appear in [29].
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